Abstract: Let g = a + b be a Lie algebra with a direct sum decomposition such that a and b are Lie subalgebras. Then, we can construct an integrable complex structureJ on h = R (g C ) from the decomposition, where R (g C ) is a real Lie algebra obtained from g C by the scalar restriction. Conversely, letJ be an integrable complex structure on h = R (g C ). Then, we have a direct sum decomposition g = a + b such that a and b are Lie subalgebras. We also investigate relations between the decomposition g = a + b and dim H s,t ∂˜J (h C ).
Introduction
S. Salamon [6] classi ed real -dimensional nilpotent Lie algebras for which the corresponding Lie group has a left-invariant complex structure, and estimated the dimensions of moduli spaces of such structures. The classi cation of complex structures on nilpotent Lie algebras provides the classi cation of invariant complex structures on nilmanifolds. Invariant complex structures on -dimensional nilmanifolds have been classi ed ( [1, 2, 8] ). Nakamura [4] has computed Hodge numbers of small deformations on compact complex parallelizable solvmanifolds to investigate rigidities of small deformations. However, for higher dimensional cases, the situation looks far from the completely understanding.
Let g be a real Lie algebra and g C the complexi cation of g. In previous papers [10, 12] , we considered the case where g has a direct sum decomposition g = a + b such that a and b are Lie subalgebras of g. Then, we can construct an integrable complex structureJ on h = R (g C ) from the decomposition, where R (g C ) is a real Lie algebra obtained from g C by the scalar restriction. We also studied relations between the decomposition and dim H s,t ∂˜J (h C ) for investigating the complex structureJ (see e.g. [10, Theorems 3.2, 3.3] ), and constructed direct sum decompositions n = a + b on a nilpotent Lie algebra n such that a and b are subalgebras by using root systems and T-root systems ([11, Section.4], [12] ). In this paper, we consider integrable complex structures on a real Lie algebra h = R (g C ) and relations between the decomposition g = a + b and dim H 
Preliminaries
In this section, we recall integrability conditions of an almost left-invariant complex structure on a Lie group.
Let H be a real Lie group and h its Lie algebra. A left-invariant almost complex structure on H can be identi ed with a linear mapping J ∶ h → h such that J = −id. We denote h ± J the vector spaces of the ± √ − eigenvectors of the almost complex structure J, respectively. We denote by H * , * ∂ J (h C ) the cohomology ring of the di erential bigraded algebra ⋀ * , * (h C ) * , associated to h C with respect to the operator∂ J in the canonical
The almost complex structure J is said to be integrable if
We shall refer to a pair (h, J) consisting of a Lie algebra and an integrable almost complex structure simply as a Lie algebra with a complex structure. 
Proposition 2.1. A real Lie group H has an integrable left-invariant complex structure if and only if
where q is a complex subalgebra of h C , and τ is the complex conjugation.
In fact, let q be a subalgebra of h C which satis es the condition in the proposition. Then,J = − √ − id q ⊕ √ − id τ q is an integrable complex structure. Conversely, for a given integrable left-invariant complex structureJ, let q be the subspace of h C de ned by
Then, q is a subalgebra satisfying h C = q ⊕ τ q.
Proposition 2.2. Let J be an Ad-invariant complex structure on h. Assume that there exist subalgebras k and m of h such that
Then, q is a subalgebra of h
In the proposition, note that
Decompositions and Complex structures
In this section, we consider the case of h is a real Lie algebra obtained from the scalar restriction of the complexi cation of a real Lie algebra. Let g be a real Lie algebra and g C the complexi cation of g. We can consider the complex Lie algebra g C as a real Lie algebra R (g C ) with the Ad-invariant complex structure J, where R (g C ) is the scalar restriction of
We will denote the extension of J to a C-linear transformation of h C by the same letter J. Then, we have a direct sum decomposition
is an isomorphism between complex Lie algebras, and h
Let g = a + b be a direct sum decomposition such that a and b are Lie subalgebras. We de ne another complex structureJ on h byJ
Then,J is integrable by Proposition 2.2 (cf. [11, 12] ). Indeed, put
Then, q is a complex subalgebera of h C , andJ satis es
We shall call thatJ is the complex structure corresponding to the decomposition g = a + b. Note that f (a) and f (b) are real subalgebras of h ∓ J , respectively. Conversely, letJ be another integrable complex structure on h. Then, we have another direct sum decomposition
Then, we have that v and w are real subalgebras which satisfy that
Then, a and b are subalgebras of g which satisfy that
and the complex structure on h corresponding to the decomposition (ii) In the papers [11, 12] 
, we construct direct sum decompositions n = a + b on a nilpotent Lie algebras n such that a and b are subalgebras by using root systems and T-root systems. For example, we can construct the following left-invariant complex structures on a real -dimensional nilpotent Lie group from the viewpoint of the root system of type A :
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Hodge numbers
In this section, we consider relations between the decomposition g = a + b and dim H s,t ∂ (g˜J). Let g be a real Lie algebra with a direct decomposition
where a and b are Lie subalgebras of g. Take a basis of the Lie subalgebras a and b:
Consider the complexi cation g C of g. Since g C = g + √ − g, the scalar restriction R (g C ) has the following basis:
where
Let J be the complex structure on h = R (g C ) de ned by
for each i, j. We can assume that
is a complex Lie algebra. We consider another complex structureJ on h = R (g C ), which appeared in the previous section, de ned byJ
, and
We can consider a complex structure −J instead ofJ, which corresponds to changing the roles of a and b. Then, we have the following:
for each s, t.
Thus, {ξ i , η j } and {ξ 
respectively. Since∂ = on ⋀ * , *
are the set of d-closed k-forms on g a and g b , respectively. Let F be the homomorphism
From the equations of (1), (2), (3), we have that F is an isomorphism of di erential graded algebras. Thus, we have the following theorems and proposition:
Indeed, by the isomorphism F of di erential graded algebras, we see
Theorem 4.3 ([12]). For each r,
In particular, if b is an abelian ideal, then
Proof. If b is an abelian ideal, then
we have
for each r.
For corollaries of the theorems, see [9] [10] [11] .
Proposition 4.4. For each s,
where p = dim a.
Proof. If b is an ideal, then D i ks = for each i, k, s, which implies that dµ i = for each i. Thus, we see that
Examples
In 
Thus, we have
We also see [9, p.200] ). Thus, for k ≥ , ).
